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FOREWORD 
T h i s  document r ep resen t s  t h e  f i n a l  t e c h n i c a l  
r e p o r t  on Contract  NASw-1309 e n t i t l e d  "Per iodic  
So lu t ions  f o r  t h e  Res t r i c t ed  Three-Body Problem of 
C e l e s t i a l  Mechanics. I '  D r .  Paolo Lanzano has  been 
the p r i n c i p a l  i n v e s t i g a t o r .  T h i s  r e p o r t  c o n s i s t s  
of two s e c t i o n s ,  corresponding t o  the two tasks of 
s a i d  c o n t r a c t .  
Two t e c h n i c a l  papers  have  stemmed from t h i s  
i n v e s t i g a t i o n .  Both papers have been authored by 
t h e  p r i n c i p a l  i n v e s t i g a t o r  and w i l l  s h o r t l y  appear  
i n  I c a r u s - - I n t e r n a t i o n a l  Journa l  of the S o l a r  
System. One paper  i s  e n t i t l e d  "Contr ibut ions t o  
t h e  E l l i p t i c  R e s t r i c t e d  Three-Body Problem,'' t h e  
o t h e r  paper  i s  e n t i t l e d  " S t a b i l i t y  of a Class of 
Pe r iod ic  O r b i t s  i n  t h e  R e s t r i c t e d  Three-Body Problem. 
iii 
SUMMARY 
Cer t a in  bas i c  ques t ions  p e r t a i n i n g  t o  the R e s t r i c t e d  
I 
Three-Body Problem of C e l e s t i a l  Mechanics have been considered,  
advancing the  knowledge i n  t h e  f i e l d .  
The f irst  s e c t i o n  of the r e p o r t  deals wi th  a number of 
i n t r i n s i c  p r o p e r t i e s  f o r  t h e  c i r c u l a r  problem. It has been 
p o s s i b l e  to(  express  the  curvature  of t h e  gene r i c  o r b i t  i n  
terms of t h e  v e l o c i t y  f i e l d  and t h e  ang le  t h a t  t he  o r b i t  makes 
w i t h  t h e  zero-ve loc i ty  curves,  ob ta inable  from t he  Jacobi  
i n t e g r a l .  An a p p l i c a t i o n  of t h i s  i n t r i n s i c  r e p r e s e n t a t i o n  
has been given f o r  a p e r i o d i c  o r b i t ,  whereby t h e  per iod  of 
t h e  o r b i t  can be expressed a s  a double i n t e g r a l  extended t o  
the  a r e a  bounded by the  closed cu rve .  Also, t h e  e x i s t e n c e  
of  p e r i o d i c  o r b i t s ,  which can be considered a s  a n  i n f i n i t e s i -  
mal i s o e n e r g e t i c  displacement  of a g i v e n  p e r i o d i c  o r b i t ,  has 
been proved by a s c e r t a i n i n g  pe r iod ic  s o l u t i o n s  t o  a Mathieu 
equa t ion .  
The second s e c t i o n  of t h e  r e p o r t  deals w i t h  a s e r i e s  
r e p r e s e n t a t i o n  of p e r i o d i c  s o l u t i o n s  about  a Lagrangian Tr i . -  
a n g u l a r  p o i n t .  Two f a m i l i e s  of p e r i o d i c  s o l u t i o n s  were 
ob ta ined .  The synodic  coord ina tes  of t h e  o r b i t s  have been 
expressed  a s  t r igonometr ic  s e r i e s  of t ime, the c o e f f i c i e n t s  
of the  va r ious  harmonics depending on a r e a l  parameter  r e -  
l a t e d  t o  the  i n i t i a l  cond i t ions .  
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I N T R I N S I C  PROPERTIES OF PERIODIC SOLUTIONS FOR 
THE CIRCULAR PROBLEM 
T h i s  s e c t i o n  deals wi th  the second t a s k  of the c o n t r a c t .  
The o b j e c t  has been t o  s tudy  i n t r i n s i c  p r o p e r t i e s  of p e r i o d i c  
s o l u t i o n s  and of the  a s s o c i a t e d  zero-ve loc i ty  contours ,  ob- I 
I t a i n a b l e  from the Jacob1 i n t e g r a l .  
w e  mean those  p r o p e r t i e s  which do not  depend on the choice of 
t he  r e f e r e n c e  system, e.g., f o r  a p lane  curve,  the concept  of 
curva tu re  i s  a n  i n t r i n s i c  one, because one would o b t a i n  the 
same i n v a r i a n t  q u a n t i t y  a s s o c i a t e d  wi th  a g iven  p o i n t  of the 
curve,  independent ly  of the  chosen re ference .  
By i n t r i n s i c  p r o p e r t i e s ,  i 
We fee l  t h a t  the  o b j e c t i v e s  o f  t h i s  t a s k  have been 
achieved,  w i th in  the contex t  of t h e  proposed r e sea rch  program. 
T h i s  r e p o r t  w i l l  con ta in  only  a s h o r t  d e s c r i p t i o n  of the  r e s u l t s .  
A paper  f u r n i s h i n g  more d e t a i l s  on t h i s  s tudy  and which has  
been e n t i t l e d  " S t a b i l i t y  of a Class of Per iod ic  O r b i t s  i n  t h e  
R e s t r i c t e d  Three-Body Problem" has been accepted f o r  publ ica-  
t i o n  i n  I c a r u s .  
After a s h o r t  i n t roduc t ion ,  desc r ib ing  the equat ions  of 
motion and s e t t i n g  f o r t h  c e r t a i n  d e f i n i t i o n s  and n o t a t i o n s  
r e q u i r e d  i n  the sequel ,  w e  p l a n  t o  d i scuss :  
( a )  a n  a n a l y t i c  r e p r e s e n t a t i o n  of t h e  zero-  
v e l o c i t y  contours ,  
1 
(b) an  i n t r i n s i c  r e p r e s e n t a t i o n  of g e n e r a l  o r b i t s  
which gives  r i s e  t o  a n  i n t e g r a l  a p p l i c a t i o n  
f o r  p e r i o d i c  o r b i t s ,  
( c )  the e x i s t e n c e  of p e r i o d i c ,  i n f i n i t e s i m a l  d i s -  
placements from a g iven  p e r i o d i c  o r b i t .  
We f e e l  t h a t  the  l a s t  mentioned s u b j e c t  is a very prom- 
i s i n g  one and t h a t  i t  should be i n v e s t i g a t e d  more deeply  i n  
connect ion w i t h  a s tudy  on s t a b i l i t y  of o r b i t s .  
I n t r o d u c t i o n  
We cons ide r  the c i r c u l a r  case of the R e s t r i c t e d  Three- 
Body problem and w e  l i m i t  ou r se lves  t o  t h e  p l a n a r  motion. I n  
o t h e r  words, w e  s tudy  the motion of the t h i r d  body 
i n f i n i t e s i m a l  mass, i n  the p lane  de f ined  by t h e  c i r c u l a r  o r b i t s  





system. I n  the u s u a l  synodic r e fe rence  ( 0; X J  7 ) j  r o t a t i n g  
uniformly about  the  c e n t r o i d ,  t h e  equa t ions  of motion for t he  
t h i r d  body take the  form 
Dots, a s  usua l ,  denote  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t i m e  and 
le t te rs ,  used a s  s u b s c r i p t s ,  r e p r e s e n t  p a r t i a l  d e r i v a t i v e s  
w i t h  r e s p e c t  t o  t hose  var iab les .  Here w e  have 
3 
)A,, being  the  masses of the  p r imar i e s  w i t h  
and 2 , )  'Zz are  the  d i s t a n c e s  of 4 from and pz respec-  
t i v e l y .  The r e l a t i o n s h i p  between them i s  a s  fo l lows  
where 8 i s  the  ang le  measured from the  p o s i t i v e  d i r e c t i o n  of 
t h e  synodic x-ax is  t o  t h e  l i n e  j o i n i n g  f: w i t h  P3. L e t  us  
r e c a l l  t h a t  the  coord ina te s  of a r e  (-pz, 0) and 
(Fl) O), r e s p e c t i v e l y  s o  t h a t  
d i s t a n c e  ( 5  pz) C I . 
Mult ip ly ing  the f i r s t  of equa t ions  (1) by k ,  the  second 
equat ion  by and adding, w e  o b t a i n  
" " j j  = i u , + j  U 'i 
which y i e l d s  t h e  f i r s t  i n t e g r a l  of motion 
T h i s  energy in tegra l . ,  known a s  the Jacobi i n t e g r a l ,  r e l a t e s  t h e  
magnitude of t h e  synodi.c v e l o c i t y  v e c t o r  w i t h  the  p o s i t i o n  co- 
o r d i n a t e s  of t h e  t h i r d  body. 
4 
Analy t ic  r e p r e s e n t a t i o n  of t he  ze ro -ve loc i ty  curves  
I .  The ze ro -ve loc i ty  curves can be obta ined  from formula ( 4 )  
, by l e t t i n g  v= 0. I n  o t h e r  words, they  c o n s t i t u t e  t he  locus  ~ 
of the  p o s i t i o n s  tha t  t h e  t h i r d  body can reach ,  i n  the  synodic 
plane,  w i t h  z e ro -ve loc i ty .  Using ( 2 )  and (4), t h e i r  equa t ion  
can be w r i t t e n  a s  fo l lows  
where J, t h e  so -ca l l ed  Jacobi  cons tan t ,  r e s u l t s  from the  
agglomerat ion of the  two cons tan t  terms, appear ing  i n  t h e  
prev ious  t orrnulae. 
The geometry of t h i s  family of curves  v a r i e s  accord ing  
t o  t he  va lue  of the  Jacob i  cons t an t .  
t h e  locus  c o n s i s t s  of three closed curves:  two s e p a r a t e  ova l -  
For l a r g e  va lues  of J, 
shaped curves ,  each surrounding one of t h e  p r imar i e s ,  and an  
a l m o s t - c i r c u l a r  curve,  the so -ca l l ed  c u r t a i n ,  surrounding both  
o v a l s .  
i t  i s  e a s i l y  seen  t h a t  the a l lowable  r eg ion  of motion f o r  t h e  
t h i r d  body I s  w i t h i n  each ova l  and i n  the  domain e x t e r i o r  t o  
t h e  c u r t a i n .  
S ince  f o r  t he  motion of the  t h i r d  body i t  m u s t  be v7/0, 
With d iminish ing  va lues  of 7, t he  c u r t a i n  s h r i n k s  i n  
s i z e  whereas t h e  two o v a l s  become i n c r e a s i n g l y  e longated  toward 
each  o t h e r ,  a long  the  x -ax i s  of the synodic r e fe rence ,  u n t i l  
for a c r i t l c a l  va lue  of 7,  depending on t h e  mass r a t i o  of t h e  
p r i m a r i e s ,  bo th  o v a l s  w i l l  d e v e l o p  a common p o i n t  (on the  x-axls  
5 
between t h e  p r i m a r i e s )  which i s  a s i n g u l a r  p o i n t  f o r  t h e  re- 
s u l t i n g  curve.  There a r e  now only two components of the  locus .  
For sma l l e r  va lues  of t h e  two ova l s  coa lesce  g i v i n g  r i s e  
t o  t h e  so-ca l led  envelope; t h i s  looks l i k e  a dumbbell shaped 
curve,  i n c r e a s i n g  i n  s i z e  wi th  dec reas ing  va lues  of J but  
s t i l l  sepa ra t e  from the  c u r t a i n .  
Two o t h e r  s i n g u l a r  p o i n t s  develop a t  consecut ive  s t a g e s  
on the  x-axis ,  one on each s i d e  of the p r imar i e s ,  whereby con- 
t a c t  w i l l  occur  between envelope and c u r t a i n .  Subsequently,  
t h e  envelope of the p r imar i e s  w i l l  coa l e sce  w i t h  the c u r t a i n ,  
consecut ive ly  on each s ide ;  t hus ,  w e  see t h a t  the  number of  
components goes from two t o  one and  then  back t o  two. Eventu- 
a l l y  the l a t t e r  two components s h r i n k  i n  s i z e  t o  the I ag rang ian  
p o i n t s .  For values  of J smaller than  t h i s  l i m i t i n g  va lue  no 
rea l .  po in t  can e x i s t  on the locus .  
We p l a n  t3 o b t a i n  a s u j t a b l e  a n a l y t i c  r e p r e s e n t a t i o n  f o r  
some components of t h e s e  z e r o - v e l o c i t y  curves .  For t h i s  pur-  
pose, l e t  u s  cons ide r  t h e  expansion of 
by means of Legendre polynomials.  From (3 )  w e  s h a l l  write 
!/%, i n  powers of ?.,, 
00 
- c .  ( ‘ t l ) J  Pd ( c o s e )  * 
- O d  
6 
Upon s u b s t i t u t i n g  t h i s  ser ies  expansion wi th in  ( 5 )  and per-  
forming a p p r o p r i a t e  s i m p l i f i c a t i o n s ,  w e  get  
Here w e  have set  ~ 
I 
Since  t h e  fundamental ser ies  expansion w e  have used i s  con- 
vergent ,  and t h e r e f o r e  v a l i d ,  only when 
understood t h a t  on ly  c e r t a i n  p o r t i o n s  of t h e  curve can thus  
be r ep resen ted .  Also,  both and 'to s h a l l  be considered 
sma l l  parameters, which means not on ly  t ha t  the  r a t i o  of the 
primary masses must be sma l l  b u t  a l s o  t ha t  c e r t a i n  va lues  of 
t h e  Jacob i  cons t an t  might have t o  be excluded. 
We propose t o  f i n d  a s o l u t i o n  f o r  ( 6 )  of t he  fo l lowing  
I , i t  is  to '  be 
form 
which i s  a n  i n f i n i t e  s e r i e s  i n  to and where t h e  c o e f f i c i e n t s  
ff. 
once 
t o  be determined, are  func t ions  of o(. One f i n d s  a t  1) 
7 
whereas, t he  remaining unknown f u n c t i o n s  w i l l  be obta ined  
by equat ing  c o e f f i c i e n t s  of equa l  powers of T o ,  appear ing  
i n  the l e f t  and r ight-hand s ides  of the fo l lowing  formula 
L e t  u s  in t roduce  the fo l lowing  n o t a t i o n  
(6) 
whereby A, r e p r e s e n t s  t he  c o e f f i c i e n t  of the n - th  power 
of 20 
of Cauchy) of the o r i g i n a l  se r ies .  
i n  t h e  expansion of t he  k- th  power ( i n  the sense 
It i s  easy  t o  r e a l i z e  
t h a t  A, (41 i s  a polynomial i n  t h e  A: s with 'R. 
Making u s e  of t h i s  n o t a t i o n ,  w e  have been a b l e  t o  
e s t ab l i sh  t h e  fo l lowing  g e n e r a l  r e c u r r e n t  r e l a t i o n s h i p  
J 
Here both the  Q'S and A S  
l a s t  summation extends t o  t h a t  value of k s a t i s f y i n g ,  f o r  
given 'YL and j 7  whichever of the two i n e q u a l i t i e s  
a r e  f u n c t i o n s  of o(, and the  
occurs  first.  The o t h e r  symbol i n  t h e  above formula i s  a b i -  
nomial c o e f f i c i e n t .  
Using ( 7 ) ,  it  i s  easy t o  express t he  f irst  f e w  c o e f f i c i e n t s  
I 
of the  s e r i e s  expansion. We l i s t  them here: 
9 
It i s  understood t h a t  i n  t he  above formulae both  A, and t h e  
1 pj S (Legendre polynomials) a re  f u n c t i o n s  of a. We have 
thus  achieved a n  e x p l i c i t  p o l a r  r e p r e s e n t a t i o n  of the  zero-  
v e l o c i t y  curves .  The convergence of t h i s  se r ies  expansion 
depends p r i m a r i l y  on the  magnitude of )L and Z o .  
For r e c e n t  works p e r t a i n i n g  t o  t h e  ze ro -ve loc i ty  curves ,  
mention should be made t o  Kopal (1959) and Lanzano (1960). 
Kopal d e a l s  w i t h  these curves i n  d i s c u s s i n g  the Roche l i m i t  
of c l o s e  b ina ry  systems. T h i s  i n v e s t i g a t o r ' s  i n t e r e s t  i n  these 
f a m i l i e s  of curves  has  been from the p o i n t  of view of guidance 
of space v e h i c l e s  a long  c o l l i s i o n  o r b i t s .  
10 
I n t r i n s i c  r e p r e s e n t a t i o n  of o r b i t s  
We p lan  t o  e x h i b i t  a c h a r a c t e r i z a t i o n  of t he  gene r i c  o r b i t  
of t he  c i r c u l a r ,  r e s t r i c t e d  problem whlch i s  independent of the 
p a r t i c u l a r  coord ina te  system employed. I n  geometr ic  pa r l ance ,  
t h i s  i s  r e f e r r e d  t o  a s  a n  i n t r j n s i c  r e p r e s e n t a t i o n  of a curve.  
For t h i s  nurposz,  we b e g i n  by e l i m i n a t i n g  the  time v a r i a b l e  
and by reducing  the  two equa t ions  of motion, which con ta in  
d e r i v a t i v e s  w i t h  r e s p e c t  t o  time, i n t o  a s i n g l e  d i f f e r e n t j - a 1  
equa t ion  r e l a t i n g  the  unknown func t ion  Y C K )  and i t s  d e r i v a -  
t i v e s  y ' ( X )  y " ( x )  w i t h  r e s p e c t  t o  X,. During t h i s  p rocess  
we mtlst a l s o  f i x  a value for t h e  Jacobi  cons t an t :  T h i s  i s o -  
e n e r g e t i c  r educ t ion  l i m i t s  t h e  number of parameters  upon which 
t h e  to t a3 . i t y  of o r b i t s  i n  cons ide ra t ion  depends. I n  o t h e r  
xords,  w e  s h a l l  cons ide r  o r b i t s  corresponding t o  the  sa-le 
va lue  of t h e  energy cons t an t .  A s  a f u r t h e r  s t e p ,  we  s h a l l  
i d e n t i f y  the  i n t r i n s i c  c h a r a c t e r  of t h e  var ious  terms appear-  
i n g  i n  t h e  r e s u l t i n g  d i f f e r e n t i a l  equat ion .  
We denote  by pr imes the d e r i v a t i v e s  w i t h  r e s p e c t  t o  X .  
From ( 1) we have 
- 2 ( xL t 7 2 )  i y  - j x  = x u y - y L I x  .. 
and from ( 4 ) ,  s i n c e  1's ;i 1% w e  g e t  
11 
Consequently, w e  can wri te  
Upon e l imina t ion  of % through previous  formulae and a f t e r  
s i m p l i f i c a t i o n  w e  get  
The express ion  appear ing  i n  t h e  l e f t  s i d e  i n  t h e  prev ious  
formula i s  t h e  curva ture  of the  o r b i t .  
f u t u r e  re ference ,  t h a t  t h e  cu rva tu re  of a p lane  curve i s  
def ined  a s  
Let u s  r e c a l l ,  for 
where p i s  the  angle  t h a t  t he  t angen t  l i n e  t o  t h e  curve makes 
w i t h  any f i x e d  l i n e  i n  the  p lane  of t h e  curve and S i s  the  
a rc l eng th .  Since t h i s  f i x e d  l i n e  can  co inc ide  wi th  a tangent  
t o  another  po in t  on the  curve,  the i n t r i n s i c  c h a r a c t e r  of t h i s  
concept i s  t h e r e f o r e  ev iden t .  
12 
Using the  f a c t  t h a t  I .  
we have 
We a l s o  know t h a t  
Therefore ,  the previous  r e l a t i o n s h i p  can be w r i t t e n  a s  f o l l o i m  
T h i s  i s  the sought i n t r i n s i c  r e p r e s e n t a t i o n  of the  g e n e r a l  
o r b i t .  Clear ly ,  the  l a s t  term i n  (8) can be w r i t t e n  by. means 
of t h e  g r a d i e n t  
and of the  a n g l e  r between the tangent  t o  the  o r b i t  and the  
normal t o  t h e  ze ro -ve loc i ty  curves 
I) Cx, y) = c o n s t a n t .  
A simple c a l c u l a t i o n  w i l l  show t h a t  
Another way of modifying the  r e p r e s e n t a t i o n  (8) i s  a s  
fol lows:  
w e  eas i ly  g e t  
d i f f e r e n t i a t i n g  v2= 2 udT with r e s p e c t  t o  S, 
v -  dV - I (u;+ u;)'/zcos y 
d s  
which can b e  used t o  o b t a i n  
g =  - -  2 + - -  I dV -tax y 
V v ds 
Here the cu rva tu re  of the o r b i t  i s  expressed i n  terms of the 
v e l o c i t y ,  the  t a n g e n t i a l  a c c e l e r a t i o n  VdV/ds and the  ang le  
w i t h  the ze ro -ve loc i ty  curves .  L e t  us remark, a t  t h i s  p o i n t ,  
tha t  t hese  curves stem from the very  n a t u r e  of the problem 
and ought t o  be considered i n t r i n s i c a l l y  re la ted t o  i t .  
We s h a l l  make use of the p r e v i o u s l y  ob ta ined  i n t r i n s i c  
r e p r e s e n t a t i o n  t o  i n v e s t i g a t e  a p r o p e r t y  of p e r i o d i c  o r b i t s .  
T h i s  i s  a n  i n t e g r a l  p rope r ty  and w i l l  imply the  a p p l i c a t i o n  
of  Gauss theorem p e r t a i n i n g  t o  t h e  equiva lence  between the  
i n t e g r a l  extended t o  the a r e a  bounded by s a l d  curve.  
Let  c be a p e r i o d i c  o r b i t ,  i n  the synodic  p lane ,  having 
per iod  7. Suppose, f o r  sake of s i m p l i c i t y ,  t ha t  c i s  a l l  
contained wi th in  t h e  pe rmis s ib l e  domain of motion, without  
any common boundary w i t h  t h e  z e r o - v e l o c i t y  curve .  Also, t h a t  
14 
C has no double p o i n t s  ( i . e .  l o o p s )  so t h a t ,  when desc r ibed  
counterclockwise,  i t s  tangent  l i n e  sweeps through a n  ang le  of 
2~ r a d i a n s .  If we  mu l t ip ly  (8) by v and i n t e g r a t e  w i t h  
r e s p e c t  t o  t, between ze ro  and Z, w e  get 
z T 
dt = -=Lz+ (sivy cos p - U, sik (3) dt. 
0 0 
I 
The f irst  i n t e g r a l  i s  simply 
p c r )  - p c o >  
which e q u a l s  2lT becalise of the cond i t ions  imposed on c .  
The i n t e g r a l  which appears  i n  the r ight-hand side can be 
t ransformed i n t o  a l i n e  i n t e g r a l ,  w i t h  r e s p e c t  t o  the a r c -  
l eng th ,  alone; t h e  contour  3f C j  i t s  in t eg rand  can be e a s i l y  
seen  t o  be  
I dU 
v2 dq 
- -  - 
where q i s  t h e  e x t e r i o r  normal t o  the  contour .  
hand, from 
On t h e  o t h e r  
V 2 =  2 U - J  
we ha v e 
t h e  ref  o r e  
Using Gauss theorem, we  can t ransform the  l i n e  i n t e g r a l  i n t o  
a double i n t e g r a l ,  extended t o  the area bounded by the curve 
c ,  of the func t ion  A?' (& v )  where 
i s  t h e  Laplace ope ra to r .  I f  the  f u n c t i o n s  i n  c o n s i d e r a t i o n  
do not  have any s i n g u l a r i t i e s  i n  the domain bounded by c, 
t hen  t h e  per iod  T of  the o r b i t  can be r ep resen ted  a s  follows 
where 
i s  a double i n t e g r a l  extended t o  the  a r e a  bounded by c .  
Cer ta in  modi f ica t ions  a r e  r equ i r ed  i f  the p a t h  of the  
p e r i o d i c  o r b i t s  surrounds one o r  both of  the  massive bodies .  
I n  f a c t ,  t h e  func t ion  u(%,y) becomes i n f i n i t e  a t  t he  p o s i -  
t i o n s  occupied by these masses. The procedure i s  t o  d e s c r i b e  
a c i r c l e  of f i n i t e  r a d i u s  about  each of these p o i n t s  and 
cons ider  t h e  above i n t e g r a l  i n  the r e g i o n  of r e g u l a r i t y  of 
t h e  func t ion ,  f i n a l l y  t o  t a k e  the l i m i t  of t h e  i n t e g r a l  a s  
t h e  r ad ius  of t h e  c i r c l e  approaches z e r o .  
A s  a p a r e n t h e t i c a l  remark, w e  wish t o  mention here t h a t  
t h e  above procedure,  which has l e d  t o  a n  i n t r i n s i c  p r o p e r t y  
f o r  p e r i o d i c  s o l u t i o n s ,  i s  a k i n  t o  t he  one employed i n  
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d i f f e r e n t i a l  geometry f o r  e s t a b l i s h i n g  t h e  w e l l  known Gauss- 
Bonnet formula. I n  both cases ,  t h e  use of Gauss i n t e g r a l  
theorem i s  the  key f e a t u r e .  We a r e  d e a l i n g  here wi th  a s u r -  
f a c e  s upon which a c u r v i l i n e a r  coord ina te  system has been 
e s t a b l i s h e d .  Considering a c losed curve c on s,  the  funda- 
mental  q u a n t i t i e s  involved a re  the  geodes ic  cu rva tu re  # of % c and the  Gaussian cu rva tu re  K of t h e  s u r f a c e  i n  the  domain 
bounded by c. The geodesic  curva ture  of a curve,  belonging 
t o  a s u r f a c e ,  i s  de f ined  by means of  t he  geodes ics  tangent  t o  
i t s  p o i n t s  i n  t he  same manner a s  the u s u a l  cu rva tu re  i s  de- 
f i n e d  f o r  a p lane  curve by neans of its tar,gent l i n e s .  
Using L i o u v i l l e  expres s ion  f o r  the geodes ic  curvature. ,  
see S t r u i k  (1950) pp. 154-156, the  Gauss-Bonnet formula can 
be w r i t t e n  a s  fo l lows  
v C 5 
where t h e  double i ln tegra l  j s  exkended t o  t h a t  p o r t i o n  of  the  
s l i r face  s i n t e r i o r  t o  t h e  curve c . 
Per iod ic  displacement of a p e r i o d i c  o r b i t  
kt us  suppose w e  know a p a r t i c u l a r  s o l u t i o n  F(t), 7 (t) 
of the  r e s t r i c t e d  c i r c u l a r  problem. L e t  u s  cons ide r  the  
curve d e f i n e d  by 
where E i s  a sma l l  parameter.  I n  order t h a t  the  l a t t e r  
curve be a s o l u t i o n  of the  same system of equa t ions  (l), 
w i t h  an e r r o r  of t h e  o r d e r  higher  t h a n  E ,  i t  must be 
where t h e  second d e r i v a t i v e s  a r e  eva lua ted  a l o n g  the  g iven  
p e r i o d i c  s o l u t i o n .  To t h e  same order  of approximation, t h e  
Jacob i  i n t e g r a l  g i v e s  r ise t o  a f i rs t  i n t e g r a l  f o r  the d i f -  
f e r e n t i a l  system ( 9 )  : 
Since  no a r b i t r a r y  cons t an t  appea r s  i n  ( l o ) ,  i t  means t h a t  
t h e  o r i g i n a l  value of  t h e  J acob i  c o n s t a n t  has  not  been modi- 
f i e d  by any  i n f i n i t e s i m a l  amount. A s o l u t i o n  of ( 9 )  S a t i s f y -  
i n g  (10) i s  c a l l e d  a n  i s o e n e r g e t i c  i n f i n i t e s i m a l  displacement 
of t h e  o r l g i n a l  s o l u t i o n .  
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There exl sts a one-to-one correspondence between p o i n t s  
of t he  o r i g i n a l  o r b i t  and i t s  i n f i n i t e s i m a l  displacement ,  
corresponding p o i n t s  ( e ,  e') belonging t o  t h e  same value 
of t. It i s  convenient t o  r e f e r  t h e  p o i n t  P t o  t h e  i n -  / 
t r i n s i c  r e fe rence  c o n s t i t u t e d  by t h e  tangent  and normal to 
t he  p e r i o d i c  p lane  curve a t  t h e  corresponding p o i n t  P. Let 
i n  t h i s  r e fe rence  frame. 
I 
(PI?) denote  the  coord lna te s  of f 
It i s  the  purpose of t h i s  s tudy t o  i n v e s t i g a t e  under 
which circumstances the  i n f i n i t e s i m a l  displacement  (x + 7 j 
z y 4- E T )  i s  a l s o  a p e r i o d i c  s o l u t i o n .  S ince  both  [t) 
and ?It) 
c o n s i s t s  i n  f i n d i n g  p e r i o d i c  s o l u t i o n s  f o r  t h e  d i f r e r e n t i a l  
system (9) which has p e r i o d i c  c o e f f i c i e n t s .  The t ransforma- 
t i o n  of (9) i n t o  a d i f f e r e n t i a l  system p e r t a i n i n g  t o  
can be achieved by s imple opera t ions  of e l i m i n a t i o n  and 
a re  p e r i o d i c  func t ions ,  the  crux of the  m a t t e r  
( P P I ) .  
d i f f e r e n t i a t i o n ,  see e .g .  Smart (1953) and Lanzano (1961). 
The new system can be  w r i t t e n  
, . .. .. . \ 
It i s  t o  be understood t h a t  t h e  v e l o c i t y  v, given  by the  
Jacob i  i n t e g r a l ,  and a l l  o t h e r  q u a n t i t i e s  involved,  have been 
eva lua ted  a long  t h e  g iven  p e r i o d i c  s o l u t i o n .  
Q L t )  i s  a p e r i o d i c  f u n c t i o n  and, i n  most i n s t a n c e s ,  can 
be expressed a s  a t r igonometr ic  series 
where t h e  c o e f f i c i e n t s  4 
i n  the k - t h  power of a sma l l  parameter.  
c o e f f i c i e n t s  bu t  Q o  and q , ,  w e  are  t h e r e f o r e  l e d  t o  seek ing  
pe r iod ic  s o l u t i o n s  f o r  t h e  Mathieu equa t ion  
( ke ~ ~ l ~ - - )  i n i t i a t e  w i t h  terms 
Neglect ing a l l  t he  
I n  o t h e r  words, w e  must  s t u d y  how t o  r e p r e s e n t  a p e r i o d i c  
s o l u t i o n  of (11) and a t  the  same time determine the r e l a t i o n -  
s h i p  t h a t  must hold between the  two c o n s t a n t s  
t h e  ex i s t ence  of  a p e r i o d i c  s o l u t i o n .  T h i s  r e l a t i o n s h i p  w i l l  
r ep resen t  a n  i n t r i n s i c  c h a r a c t e r i s t i c  of t h e  o r i g i n a l  p e r i o d i c  
o r b i t .  
Q o ,  @, f o r  
The g e n e r a l  s o l u t i o n  of (11) depends upon two parameters  
(coj&) and  can be w r i t t e n  a s  f o l l o w s  
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The c o e f f i c i e n t s  ck of t h i s  t r igonometr ic  s e r i e s  a r e  i n f i n i t e  
power s e r i e s  i n  . C i s  a constant  t o  be determined; obviously,  
f o r  a p e r i o d i c  s o l u t i o n ,  c must  b e  a r a t i o n a l  number, not nec- 
Q, 
e s s a r i l y  an i n t e g e r .  
We cons ider  e ,  t o  be a small  parameter;  we s h a l l  a l s o  
change the  o rde r  of t he  var ious  terms w i t h i n  ( 1 2 )  and rear range  
it  from a t r igonometr ic  series i n t o  a power s e r i e s  i n  Q,  . P 
t T h i s  l a t t e r  form w i l l  be used t o  a s c e r t a i n  t h e  c o e f f i c i e n t s  
appear ing  i n  ( 1 2 ) .  L e t  u s  remark, a t  t h i s  s t a g e ,  t h a t  when 
a p a r t i c u l a r  s o l u t i o n  of (11) i s  given by Q, = 0) 
s o  t h a t  Qo = Cz. T h i s  sugges ts  t ha t ,  when & , # O  one 
should cons ider  a s o l u t i o n  of equat ion (11) of t h e  fol lowing,  
form 
I 
Here t h e  E 
i n  t h e  sequel ;  the  f, S a r e  cons tan ts  which depend on the  
parameter  c. Upon rep lac ing  t h e  two s e r i e s  expansions (13)  
w i t h i n  t h e  Mathieu equat ion  (ll), we o b t a i n  
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8-1 : - c  I 5 [(c-.)tl + = 2  € cos [Zt) i- I + 5 
T h i s  system of l i n e a r  d i f f e r e n t i a l  equat ions  a l lows  the  re- 
cu r s ive  determinat ion of the var ious  func t ions  
terms of t h e  f , ’ S  w i t h  
can be determined by imposing the  p e r i o d i c i t y  cond i t ion ,  i . e . ,  
t h a t  no s e c u l a r  terms s h a l l  appear i n  t he  s o l u t i o n  of ( 1 4 ) .  
It i s  easy t o  r e a l i z e  t h a t  t h i s  can be achieved by equa t ing  
t o  ze ro  the c o e f f i c i e n t  of 
t h e  lower o r d e r  approximations wi th in  the  r ight-hand s i d e  of 
(t) i n  
The Fk’S ‘t = I , .  .., k-2, A-1. 
COS (Ct), a f t e r  having s u b s t i t u t e d  
(14). 
It can be  seen a t  once t h a t  E, [b) c o n s i s t s  of  terms 
i n  
and t h a t  F, = 0. 
conta ins  terms i n  e 
Proceeding r e c u r s i v e l y ,  w e  f i n d  t h a t  E (t) 
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w i t h  'L = %, c-2, k-Y,.=. . Only when $ i s  even  can we g e t  
a term i n  C O S ( C t ) ,  s o  t h a t ,  i n  t h i s  case,  i t  w i l l  be F i = # = O .  
On the o t h e r  hand, i f  i s  an odd number, then TI; = 0 .  
Because of t h i s  remark, equat ion (14 )  can be r e w r i t t e n  
a s  follows: 
whence we see  t h a t ,  when g i s  even, f k  i s  equal  t o  the s u m  
of t he  two c o e f f i c i e n t s  of 
appear ing  i n  E R - ,  . 
Since a p a r t i c u l a r  s o l u t i o n  of t he  d i f f e r e n t i a l  equat ion 
.. y + c q  - A cos [(c+n&) "1 
i s  
where 
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then  one can see t h a t  t h e  c o e f f i c i e n t  of 
i n  E c;(t) i s  given by 
where r ( X )  is  t h e  gamma funct ion .  Another remark t h a t  
can be made by cons ider ing  formula (15)  is t h a t  i f  we change 
& i n t o  -( i n  the o r i g i n a l  d i f f e r e n t i a l  equat ion,  t h e  co- 
e f f i c i e n t  of i t s  p a r t i c u l a r  s o l u t i o n  becomes B ( 0  c j g )  . 
CL's are  power ser ies  It i s  easy t o  r e a l i z e  t h a t  the  
6 
i n  Q, s t a r t i n g  w i t h  Q, . We g ive  below t h e  lead ing  terms: 
QP 
I 
3 2  ( c  +I) (ct-2) 
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c3 Q: -= - 
c o  3 8 Y  ( c + i )  ( c t 2 )  (C+3) 
t h e  powers of decrease by t w o  u n i t s .  
c2 + 
2 (cz- 1 )  
9 c4 + 58 
sc2+7 
32 (&I? (e2- 4 )  + 
c2+ 27 
64- ( ~ ~ - 9 ~  ( ~ ~ - 9 )  ( c2-q)  
T h i s  i s  the  
s o l u t i o n s .  
sought  r e l a t i o n s h i p  between qo QI f o r  p e r i o d i c  
I f  Q, i s  given and c has  a n  ass igned  value (no t  a n  i n t e g e r ) ,  
then  the corresponding Q, i s  e a s i l y  ob ta inab le .  On the  o t h e r  
hand, should qo and Q, be the  known q u a n t i t i e s  and C t he  
number t o  be determined, then,  no doubt, (16)  i s  no t  very  
convenient f o r  t h a t  purpose.  
To o b t a i n  a more s u i t a b l e  formula t h a t  y i e l d s  the  value 
of C i n  a n  e x p l i c i t  fash ion ,  we  must have recourse  t o  the 
Floquet  theory  p e r t a i n i n g  t o  d i f f e r e n t i a l  equat ions  w i t h  p e r i -  
od ic  c o e f f i c i e n t s .  The p rope r ty  t o  be e x p l o i t e d  i s  t h e  
following: l e t  7 (t; qo,  a,> be t h a t  p a r t i c u l a r  s o l u t i o n  
of' (11) w i t h  i n i t i a l  cond i t ions  
then,  i t  i s  known, see e . g . ,  F1;'gge (1956) p .  208 and Meixner 
(1954) p .  103 t h a t  
On cons ider ing  the  expansion 
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a s  a power se r ies  of Q ,  and r ep lac ing  it wi th in  (11) we 
r e a l i z e  t h a t  w e  have 
.. 
q, + Qo q o =  O 
so  t h a t  
and 
The h igher -order  approximations s a t i s f y  the system 
= 2 9  c o s  (2t) ;ill+ Qo 9 A- I 
f o r  -4 = 1,2, ..., with i n i t i a l  cond i t ions  
It i s  e a s i l y  seen t h a t  t he  f i r s t - o r d e r  approximation i s  
and t h i s  shows tha t  
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The second-order approximation is  of t he  form 
a 
w i t h  5 62i = 01 consequent ly  one g e t s  
-2  I 
Also,  by s t r a igh t fo rward  c a l c u l a t i o n s ,  one can f i n d  
and 
15 Qoz - 32 Q o  + 8 -n- si n 
The gene ra l  t rend  of  t hese  approximations,  however, has  not  
been  inves t iga t ed .  These r e s u l t s  g ive  a n  e x p l i c i t  r ep re -  
s e n t a t l o n  f o r  C O S  ( T C )  . 
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PERIODIC SOLUTIONS ABOUT A 
LAGRANGIAN POINT 
The purpose of t h i s  task has been t o  a s c e r t a i n  c e r t a i n  
p r o p e r t i e s  of the p e r i o d i c  s o l u t i o n s  about  t h e  Lagrangian 
p o i n t s  i n  t h e  c i r c u l a r ,  r e s t r i c t e d  three-body problem. T h i s  
task i s  meant t o  g e n e r a l i z e  c e r t a i n  r e s u l t s  ob ta ined  by t h i s  
a u t h o r  i n  an  ear l ier  i n v e s t i g a t i o n  and which have appeared i n  
a r e c e n t  p u b l i c a t i o n ,  s ee  Lanzano (1965).  The resul ts  of t h i s  
g e n e r a l i z a t i o n  w i l l  be summarized i n  what fo l lows .  
It is  i n t e r e s t i n g  t o  announce t h a t  the  procedure i n  ques- 
t i o n  has l e n t  i t se l f  t o  a n  a p p l i c a t i o n  t o  a more complicated 
case  of the r e s t r i c t e d  problem, 1 . e .  the  e l l i p t i c  case .  T h i s  
i s  the case  when the two massive bodies d e s c r i b e  e l l i p t i c  
o r b i t s  about  t he i r  common cen t ro id .  The r e s u l t s  p e r t a i n i n g  
t o  the e l l i p t i c  case  c o n s t i t u t e  the  material f o r  the  paper 
"Cont r ibu t ions  t o  the E l l i p t i c  R e s t r i c t e d  Three-Body Problem" 
which has been accepted  f o r  p u b l i c a t i o n  i n  I c a r u s  ( I n t e r n a t i o n a l  
J o u r n a l  of the S o l a r  System). 
We shall d e s c r i b e ,  t h e r e f o r e ,  only the r e s u l t s  concerning 
the c i r c u l a r  problem which a r e  not covered i n  t h e  aforementioned 
paper. For obvious reasons,  w e  have been compelled, i n  d e s c r i b -  
i n g  t h i s  task, t o  use a n o t a t i o n  d i f f e r e n t  from t h e  one employed 
i n  the o t h e r  task.  
Canonical t ransformat ion  
Cons ide r  t h e  coord ina te  system ( L I+~ y,) yz) having the 
Y,, yz 
Y 3 ,  v y  the 
Lagrangian t r i a n g u l a r  po in t  a s  i t s  o r i g i n  and i t s  axes 
p a r a l l e l  t o  t h e  synodic axes .  
two momenta, t h e  Hamiltonian form of the equat ions  of motion 
If we designate by 
f o r  t h e  third body can be wr i t t en ,  us ing  matr ix  no ta t ion ,  a s  
fo l lows:  
'1 l i -  J H  
He re 
a r e  column vec to r s .  The Hamiltonian i s  an  i n f i n i t e  double 
s e r i e s  i n  t h e  
where 
. and the  i n f i n i t e  s e r i e s  H* r ep resen t ing  the c o n t r i b u t i o n  
due t o  t h i r d  and h igher  o r d e r  terms, has been obtained by 
express ing  the  s p h e r i c a l  harmonics as homogeneous polynomials 
of the car tesTan coord ina tes .  i s  a ( 4  x q) skew symmetric 
matr ix ,  c h a r a c t e r i s t i c  of Hamiltonian systems, which can be 
represented  a s  fol lows 
J 
. 
where 0 and 1 s t and  f o r  t h e  zero and u n i t  mat r ices  of 
s i z e  ( 2 x 2 ) .  
The f i r s t  fundamental problem which had t o  be solved 
cons i s t ed  i n  determining a nonsingular  (qxv) matrix c ,  
w i t h  cons tan t  elements,  such t h a t  the l i n e a r  t ransformat ion  
would achieve  t h e  o b j e c t i v e s  o f :  ( a )  preserv ing  the  Hamil- 
t o n i a n  form of the d i f f e r e n t i a l  system (17), and ( b )  reduc- 
Ing  i t s  l i n e a r  terms t o  diagonal  form. 
The f i r s t  cond i t ion  r equ i r e s  t h a t  c be a symplect ic  
matr ix ,  i . e .  t h a t  
where the upper  T i s  used t o  denote the  t ranspose  of a 
mat p ix .  
The second requirement i s  equiva len t  t o  
where B s t ands  f o r  t h e  matr ix  of the l i n e a r  terms, i n  the 
o r i g i n a l  system, ob ta inab le  from (18) by d i f f e r e n t i a t i o n .  
The previous matr ix  equat ion  gives r i se  t o  the l i n e a r  
systems 
where t h e  c ' S  a r e  the column vec to r s  of c. The eigen-  
va lues  Lj 
equat ion 
which a r e  t h e  r o o t s  of the c h a r a c t e r i s t i c  
can be wri t t en  a s  
w i t h  
We cons ider  only the  case  when the mass r a t i o  of t he  p r imar i e s  
i s  such that  t h e  e igenvalues  a r e  pure imaginary numbers. 
s h a l l  designate  them a s  fo l lows  
We 
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1, = i F, 
. 
where I i s  the imaginary u n i t  and 
a r e  r e a l  q u a n t i t i e s .  
The s o l u t i o n  of (19) can be w r i t t e n  a s  
f o r  k =  [ t o  q .  However, t hese  elements do not c o n s t i t u t e  
a symplect ic  mat r ix .  Various matr ix  ope ra t ions  had t o  be 
performed on c t o  u l t i m a t e l y  achieve a symplect ic  matr ix  
and s t i l l  s a t i s f y  the d i agona l i za t ion  cond i t ion .  It was 
found t h a t  such symplect ic  matrix D can be w r i t t e n  i n  terms 
of t h e  column v e c t o r s  of c a s  follows 
where 
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a r e  two s c a l a r s  and t h e  b a r  a t o p  a q u a n t i t y  denotes  i t s  com- 
plex conjugate.  
To epitomize: The l i n e a r  t ransformat ion  
) i n t o  
a r e  
b S e r i e s  s o l u t i o n s  
L We have obtained s o l u t i o n s  t o  t h e  d i f f e r e n t i a l  system 
(20)  i n  the  form of i n f i n i t e  power s e r i e s  i n  two v a r i a b l e s  
The summation f o r  the i n d i c e s  p l q  extends t o  a l l  p o s i t i v e  
i n t e g e r s ,  inc luding  zero,  w i t h  p-t-q? I - 
complex v a r i a b l e s  which s a t i s f y  the a u x i l i a r y  d i f f e r e n t i a l  
system 
U and V a r e  two 
where o( and p a r e  i n f i n i t e  power s e r i e s  i n  the product  U2r 
a lone : 
I n  o r d e r  t o  gene ra t e  a cons i s t en t  r e c u r r e n t  procedure,  
a p p r o p r i a t e  cond i t ions  had t o  be imposed upon the prQposed 
s e r i e s  s o l u t i o n s  ( 2 2 ) .  They a r e  a s  fol lows:  
( a )  the serles t , - u . ;  Z 3 - V j  3, , . ty  begin w i t h  
q u a d r a t i c  terms i n  U,v 
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( b )  the  s e r i e s  2 ,- k and 2,- v- do not  con ta in  
terms i n  UfVq w i t h  p - q = l  and b - q = -  I 
r e s p e c t i v e l y .  
I n  symbols 
- 0,  k,O. 
Because of t h e  a u x i l i a r y  system (23) and of the normal- 
i z a t i o n  of t h e  quadra t i c  terms expressed by (21), w e  a r e  l e d  
t o  cons ider  the  system of p a r t i a l  d i f f e r e n t i a l  equat ions  
? 
The "j S a r e  i n f i n i t e  power series i n  y l ,  yz s t a r t i n g  
U, U by means of the canonica l  t r ans fo rma t ion  y =  33 
j t  
w i t h  quadra t ic  terms and depending on the d e r i v a t i v e s  of H . 
They can u l t i m a t e l y  be expressed as  i n f i n i t e  power series i n  
i; P ) q  and t h e  t r i a l  s e r i e s  ( 2 2 ) .  We s h a l l  denote  by 6 
t he  numerical cocf ' f ic ient  of UPVq i n  the series Gj (k,v). 
By equat ing the c o e f f i c i e n t s  of s i m i l a r  powers Of u ) c  
appearing i n  the  l e f t  and r ight-hand s i d e  of ( 2 5 ) ,  we have 
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a 
been a b l e  t o  a s c e r t a i n  i n  a unique f a sh ion  the c o e f f i c i e n t s  A '  
of the t r i a l  s e r i e s  and a l s o  t h e  
system. When 
w e  have 
J ; P i 1  
6 
N q , p z .  of t h e  a u x i l i a r y  
j =  I I p = l  1 q - 0  and j = 3 , p = O ,  q = l  
For P + q  7 1 ,  we get t h e  system of l i n e a r  equat ions 
N t h e  upper l i m i t  of the  summation, i s  the sma l l e r  of t h e  > 
. I f  e i t h e r  p or i s  zero,  t h e  summa- p 9  9 9 two i n t e g e r s  
t i o n  w i l l  not  appear .  
Under the  assumptions expressed by the  (24)  and by 
imposing a s  a d d i t i o n a l  cond i t ion  t h a t  t h e  r a t i o  
of t he  two eigenvalues  i s  not  a n  i n t e g e r ,  w e  have shown 
t h a t  formula (26)  a f f o r d s  a r ecu r ren t  de te rmina t ion  of  t h e  
h ,  / I ,  
var ious  c o e f f i c i e n t s  i n  ques t ion .  The crux of t he  ma t t e r  
i s  t h a t  t h e  s e r i e s  G j  (k,V) i n i t i a t e  with quadra t i c  terms 
and consequent ly  i t  fol lows tha t  Gj; p,q w i t h  p +  9 = s) 
depends only  upon the  A 
w e  get  
w i t h  bf- q < S .  I n  p a ' r t i c u l a r  i; 
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For a r igorous  proof of t h i s  s ta tement ,  one should see 
h n z a n o  (1965).  
Using the f a c t  that t h e  d i f f e r e n t i a l  system i s  a 
Hamiltonian one, 
P 
This  means t h a t ,  
p roper ty  holds  
we have a l s o  proved t h a t  
(Mu) 5 - (uv) .  
f o r  the a u x i l i a r y  system, the fol lowing 
hence we can choose s o l u t i o n s  of the form 
. -  fv= I u o  e x / + ;  o c , t )  
where d, i s  a r e a l  number. T h i s  u l t i m a t e l y  guarantees  t h e  
ex i s t ence  of pe r iod ic  s o l u t i o n s  ( i n  the synodic p l ane )  w i t h  
per iod  Om(&, and having r e a l  c o e f f i c i e n t s .  
The f i r s t - o r d e r  approximation of t h i s  s e r i e s  development 
has been shown t o  be a n  e l l i p s e  having the Lagrangian poin t  
a s  c e n t e r  of symmetry. All the  r e l e v a n t  e lements  of t he  
e l l i p s e  have been determined i n  terms of i n i t i a l  condi t ions ,  
eigenvalues and mass r a t i o  of t h e  p r imar i e s .  
i n g  t o  not ice  t h a t  the e c c e n t r i c i t y  depends only  on t h e  
eigenvalues .  The i n c l l n a t i o n  of the major a x i s  of t h i s  
e l l i p s e  (on the  7 ,  - a x i s )  depends on the i n e q u a l i t y  of t h e  
It i s  in te res t -  
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b 
masses: i f  p17prthe major a x i s  i s  loca ted  i n  t h e  second 
and f o u r t h  quadrants ,  i f  P z 7  p, i t  i s  loca ted  i n  the f i r s t  
and t h i r d  quadrants .  (Notice t h a t  the p o s i t i v e  d i r e c t i o n  of 
the synodic %,-axis  goes from /A, t o  r z ) .  
The second-order approximation i s  c o n s t i t u t e d  by f a m i l i e s  
of ova l  shaped q u a r t i c s .  
Let  us f i n a l l y  emphasize here  t ha t  by in te rchanging  the  
r e l a t i v e  r o l e  played by the two eigenvalues  A I  and hz i n  
t h e  e s t a b l i s h e d  procedure,  w e  can reach  the a n a l y t i c  repre- 
s e n t a t i o n  for a second family of p e r i o d i c  s o l u t i o n s .  
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Conclusions 
Under t h e  assumption t h a t  the smal le r  of the two masses 
i s  less than  0.03852 of the t o t a l  mass of the  system, t h e  
eigenvalues  1 I = i h,= i 82 are pure imaginary numbers. 
Furthermore, supposing I 1 4 1 r z l ,  i f  t h e  r a t i o  $2 / 6; 
i s  not  an integer ,  the previous formula t ion  has  proved tha t  
t h e r e  a r e  two f a m i l i e s  of p e r i o d i c  o r b i t s  about  a t r i a n g u l a r  
po in t ,  which can be expressed a n a l y t i c a l l y  wi th in  the  r a d i u s  
of convergence of t h e i r  s e r i e s  r ep resen ta t ion .  
We have shown t h a t  t h e  Car t e s i an  coord ina tes  
= I , % ,  of the s o l u t i o n s  can be expressed a s  t r igonometr ic  
series of time, the  c o e f f i c i e n t s  of t h e  var ious  harmonics 
- depending on a r e a l  parameter iz= hou0, The synodic per iod  
of t h e  o r b i t s  i s  given by = 2T/oc,, where d ,  i s  a n  i n -  
f i n i t e  s e r i e s  i n  9'; whose l ead ing  terms a r e  and yz, 
r e spec t ive ly ,  f o r  t he  two f a m i l i e s  i n  ques t ion .  The formula- 
t i o n  of t h i s  procedure i s  g e n e r a l  and provides  a n  a lgo r i thm 
f o r  any order  of approximation.  
F i n a l l y ,  we wfsh t o  po in t  ou t  t ha t  among t h e  t o p i c s  t h a t  
should be considered f o r  a l o g i c a l  f u t u r e  i n v e s t i g a t i o n ,  we 
s h a l l  mention: 
( a )  a d e t a i l e d  s tudy  of t he  a l g e b r a i c  curves  re- 
p r c s e n t l n g  the  second and t h i r d - o r d e r  approxi -  
matlons of t h e s e  p e r i o d i c  o r b i t s ,  
40 
L 
( b )  use of t h i s  a n a l y t i c  r e p r e s e n t a t i o n  of p e r i o d i c  
o r b i t s  t o  s tudy  t h e  asymptot ic  approach of 
o r b i t s  t o  a Lagrangian poin t ,  
( c )  a s t a b i l i t y  s tudy  of o r b i t s  about  a Lagrangian 
po in t .  
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